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Abstract
We introduce the class of ∗-orderable groups as those groups G for which the complex group ring
CGwith the standard involution is∗-orderable. In (Algebras andRepresentationTheory, to appear) the
authors proved that residually torsion-free nilpotent groups are ∗-orderable and that every ∗-orderable
group is orderable.We prove that being a ∗-orderable group is a local and residual property and deduce
that the class of residually torsion-free nilpotent groups is strictly contained in the class of ∗-orderable
groups. Further, it is proved that ∗-orderable groups are elementary (and even a quasi-variety) in the
language of groups and contain certain normal series. In the last section, we give a countable family
of orderable metabelian groups that are not ∗-orderable.
© 2005 Elsevier B.V. All rights reserved.
MSC: 14P10; 16W10; 06F15
1. Introduction and basic deﬁnitions
The group ring kG can be totally ordered iff k is formally real and G is orderable. The
case of ∗-orderability of kG is far more complex. In [1], the authors studied complex group
rings and their ∗-orderability. They proved that CG can be ∗-ordered if G is a residually
torsion-free nilpotent group. Moreover, they showed that CG is ∗-orderable implies G is
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orderable. The converse is false; there exists a metabelian orderable group for which the
complex group ring is not ∗-orderable. This raises several questions. For example: If the
complex group ring CG is ∗-orderable, is G necessarily residually torsion-free nilpotent?
And more generally, what can be said about a group G if the corresponding group ring CG
is ∗-orderable?
In order to study these problems, we introduce the class of ∗-orderable groups as those
groups G for which the complex group ring CG (endowed with the standard involution
sending g → g−1 for g ∈ G and  →  for  ∈ C) can be ∗-ordered. We show that
this class is strictly larger than the class of all residually torsion-free nilpotent groups. This
will follow from the fact that being a ∗-orderable group is a local property. We also show
that the class of ∗-orderable groups is elementary in the language of groups. This is used
to deduce that being a ∗-orderable group is a residual property. We use this to prove that
the class of ∗-orderable groups is closed under direct products and thus a quasi-variety. In
Section 4, we construct exhaustive and separating normal series of a ∗-orderable group G
with additional properties. We use this to construct orderings of G. Furthermore, we show
that the example of an orderable metabelian group given in [1] which is not ∗-orderable, is
part of a countable family of groups with similar properties.
Let (A, ∗) be a domain with involution. A subset P ⊆ SymA is called a ∗-ordering
provided the following hold:
(1) P + P ⊆ P, (2) a, b ∈ P ⇒ ab + ba ∈ P,
(3) rP r∗ ⊆ P for all r ∈ A, (4) P ∪ −P = SymA,
(5) P ∩ −P = {0}.
If  is an ordered abelian semigroup, then an onto mapping v : A →  ∪ {∞} is a
∗-valuation if:
(1) v(x)=∞ iff x = 0,
(2) v(xy)= v(x)+ v(y) for all x, y ∈ A×,
(3) v(x + y) min{v(x), v(y)} for all x, y ∈ A×,
(4) v(x)= v(x∗) for all x ∈ A.
HereA× := A\{0}. The corresponding graded ∗-ring gr(A, v) is constructed as follows.
We form A := {x ∈ A | v(x)}, A+ := {x ∈ A | v(x)> } and A := A/A+ . Then
gr(A, v) :=⊕∈A is given the componentwise addition and the multiplication induced
by (a, b) → ab for a ∈ A and b ∈ A. Moreover, there is a canonical involution on
gr(A, v). We call v quasi-commutative if gr(A, v) is commutative. It is easy to see that
gr(A, v) is commutative iff
∀a, b ∈ A\{0} : v(ab − ba)> v(ab)= v(ba).
If v : A →  ∪ {∞} is a ∗-valuation, write Ov := A0 and mv := A+0 . If A is a division∗-ring, then Ov is an invariant valuation ∗-ring and mv is its maximal ∗-ideal. In general,
mv is only a completely prime ∗-ideal of Ov . Hence the residue ring kv := Ov/mv is only
a ∗-domain and not necessarily a division ∗-ring.
Let P ⊆ A be a ∗-ordering. The ∗-valuation v is said to be compatible with P if for all
x, y ∈ A× with y ∈ P and x ∈ SymA, v(x)< v(x−y) implies x ∈ P . To each ∗-ordering
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P ⊆ A a natural (order-compatible) ∗-valuation vP can be associated as follows. The ∗-
orderingP gives an order relation  on SymA, which induces the archimedean equivalence
≈ on SymA. We extend the latter to the whole A by declaring, for all 0 = a, b ∈ A, that
a ≺ b if aa∗nbb∗ for some integer n, and a ≈ b if a ≺ b and b ≺ a. Denote by
vP (a) the equivalence class of 0 = a ∈ A (and vP (0) := ∞). Then the relation ≺
induces an ordering of the setP =vP (A\{0}). By Theorem 3.3 in [7], the binary operation
vP (a)+ vP (b) := vP (ab) is well-deﬁned on P , so P becomes an ordered commutative
cancellation semigroup. It is known that vP is a ∗-valuation and
vP (ab − ba)> vP (a)+ vP (b) for all 0 = a, b ∈ SymA.
This result can be somewhat extended if A contains a central skew element i satisfying
i2 = −1. Then vP (ab − ba)> vP (ab) holds for all 0 = a, b ∈ A. In particular, the
corresponding graded ∗-ring gr(A, vP ) is commutative in this case. Furthermore, kvP is
a ∗-ordered subring of C. For details, on ∗-orderings of rings and division rings, consult
[7,8,5,3,6].
To every ∗-valuation v : A →  ∪ {∞} a weak ∗-place ℘ : A → kv ∪ {∞} can be
associated as follows. For x ∈ Ov , ℘(x) := x + mv ∈ kv . If x /∈Ov , then ℘(x) := ∞.
∗-places on division rings have been studied by Craven [2]; for more on (weak) ∗-places
on domains the reader is referred to [6].
1.1. Deﬁnition. A group G is called ∗-orderable if the complex group ring CG endowed
with the standard involution can be ∗-ordered.
1.2. Remark. The following statements are equivalent:
(i) CG is ∗-orderable,
(ii) Q[i]G is ∗-orderable,
(iii) Z[i]G is ∗-orderable.
The implication (i) ⇒ (iii) is trivial and (iii) ⇒ (ii) follows by going to the central
localizationQ[i]G= (Z[i]G)N. Finally, a density argument proves (ii)⇒ (i). This remark
was provided to us by Murray Marshall; it will not be used in the sequel.
Let us brieﬂy recall two notions from group theory. IfP is a property of groups, we say
that a group G is residually-P if
⋂
{NG | G/N ∈ P} = {1}.
Equivalently, for every x ∈ G\{1} there exists a normal subgroup N ⊆ G avoiding x such
that G/N ∈ P. If the propertyP is inherited by subgroups, then a group G is locally-P if
every ﬁnitely generated subgroup of G is inP.
2. ∗-Orderable groups need not be residually torsion-free nilpotent
2.1. Theorem. Being a ∗-orderable group is a local property, i.e., if every ﬁnitely generated
subgroup of a group G is ∗-orderable, then so is G.
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Proof. By the Artin–Schreier theory developed by Marshall in [7], it follows that a ring A
is ∗-orderable iff T0 ∩−T0= {0}, where T0 denotes the smallest extended ∗-preordering of
A. This is the set of all ﬁnite sums of permuted products of elements of the form
a1, a1, a2, a2, . . . , am, am, r1, r
∗
1 , . . . , rn, r
∗
n , aj ∈ SymA, rk ∈ A, m, n ∈ N0
which are nested w.r.t. r1, r∗1 , . . . , rn, r∗n .
Now assume G is not ∗-orderable. By deﬁnition, this means that A := CG is not ∗-
orderable. Then a ﬁnite non-trivial sum of permuted products of elements of the above form
is 0.As each element ofA is aC-linear combination of elements fromG, in such a non-trivial
sum only a ﬁnite number of elements from G can appear. The subgroup of G generated by
these elements is clearly ﬁnitely generated and is not ∗-orderable by the Artin–Schreier
theory mentioned above. Hence a ﬁnitely generated subgroup of G is not ∗-orderable, as
required. 
2.2. Corollary. Every locally nilpotent torsion-free group is ∗-orderable.
Proof. ByTheorem5.1 in [1], residually torsion-free nilpotent groups are ∗-orderable. Now
a group is locally nilpotent iff every ﬁnitely generated subgroup is nilpotent. As nilpotent
torsion-free groups are obviously residually torsion-free nilpotent, Theorem 2.1 ﬁnishes the
proof. 
To prove the claim given in the title of this section, we give an example of a locally
nilpotent torsion-free group which is not residually torsion-free nilpotent.We use a method
introducedbyMcLain [9] to construct groupswhich are essentially generalizations of groups
of unitriangular matrices. More precisely, let  be a linearly ordered set and let F be a ﬁeld
of characteristic zero. Let V be an F-vector space with basis {v |  ∈ }. For each pair
(,) ∈ ×with <we deﬁne a linear transformation e : V → V by the following
rules:
ev := v, ev = 0 if  = .
We claim that for a ∈ F the linear transformation 1+ae is invertible. To see this, observe
ﬁrst that ee = e and ee = 0 if  = . Then we have (1+ ae)(1− ae)= 1−
a2e2 = 1, hence
(1+ ae)−1 = 1− ae.
Nowwedeﬁne theMcLain groupM(, F ) determined by andF to be the group generated
by all 1+ ae, where , ∈ , < and a ∈ F . Clearly, the elements e are F-linearly
independent, hence every element ofM(, F ) can be uniquely presented as
1+
∑
<
ae, ()
where only ﬁnitely many of the a ∈ F are nonzero. Conversely, it is straightforward to
see that every element of the form () belongs toM(, F ).
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It is not difﬁcult to observe that if  is a ﬁnite set, then the McLain group M(, F )
is isomorphic to the group of all || × || upper triangular matrices over F, hence it is
nilpotent. In order to obtain a group with desired properties, we will assume that is dense
(for instance, we may take =Q). Let H be any ﬁnitely generated subgroup ofM(, F ).
Then there exist elements 1, 2, . . . , r of  with 1< 2< · · ·< r such that HU ,
where
U = 〈1+ aeii+1 | i = 1, 2, . . . , r − 1, a ∈ F 〉.
But the group U is isomorphic to the group of all upper unitriangular r × r matrices over F,
hence it is torsion-free nilpotent (here we use the fact that F has characteristic zero). This
implies thatM(, F ) is a locally nilpotent torsion-free group.
Next we show that M(, F ) is a perfect group. To do so, it sufﬁces to prove that every
generator ofM(, F ) belongs to the derived subgroup ofM(, F ). Let 1+ ae be such
a generator. Since is dense, there exists  ∈  such that < <. In this case, we obtain
1+ ae = [1+ ae, 1+ e],
which proves the assertion. The following lemma shows that under these assumptions the
groupM(, F ) is not residually torsion-free nilpotent:
2.3. Lemma. Let G be a group and 	i (G) the ith term of its lower central series.ForHG
write
√
H := {g ∈ G | ∃n ∈ N : gn ∈ H }. Then:
(1) G is residually nilpotent iff⋂∞i=1 	i (G)= {1}.
(2) √	i (G) is a normal subgroup of G.
(3) G is residually torsion-free nilpotent iff⋂∞i=1
√
	i (G)= {1}.
Proof. (1) LetN := {NG | G/N is nilpotent}. Clearly we have 	i (G) ∈N for every
i ∈ N. Conversely, if N ∈N, then G/N is nilpotent, hence there exists i ∈ N such that
	i (G)N . This proves that
⋂
N=⋂∞i=1 	i (G), hence (1) is proved.
(2) For x ∈ G and y ∈ √	i (G), say yn ∈ 	i (G), we have x−1ynx = (x−1yx)n ∈ 	i (G),
hence x−1yx ∈ √	i (G). Obviously,
√
	i (G) is closed under taking inverses. To see that√
	i (G) is multiplicative, observe that G/	i (G) is nilpotent and hence the set of all its
elements of ﬁnite order is a subgroup.
(3) LetN := {NG|G/N is torsion-free nilpotent}. As 	i (G) ⊆
√
	i (G), G/
√
	i (G) is
nilpotent. It is torsion-free by deﬁnition. Hence
√
	i (G) ∈ N. Conversely, if N ∈ N,
thenG/N is torsion-free and nilpotent. Hence there exists i ∈ N such that 	i (G)N . This
implies
√
	i (G) ⊆
√
N =N and thus⋂N=⋂∞i=1
√
	i (G), proving (3). 
3. ∗-Orderable groups are elementary and form a quasi-variety
Some examples of ∗-orderable groups are known. But, in general, not much is known
about the class of ∗-orderable groups. By Theorem 5.5 in [1], every ∗-orderable group is
orderable. There is even an operation that associates an ordering of G to every ∗-ordering
30 I. Klep, P. Moravec / Journal of Pure and Applied Algebra 200 (2005) 25–35
of CG. In this section, we prove that the class of ∗-orderable groups is elementary in the
language of groups (i.e., described by a set of 1st-order axioms) and then improve this
result by showing that the class of ∗-orderable groups is a quasi-variety (i.e., described by
universal Horn sentences, sometimes also called quasi-identities).
3.1. Lemma. The class of ∗-orderable rings is elementary in the language of rings with
involution.
Proof. By the deﬁnition of a ∗-ordering, a ring A is ∗-orderable iff
A= ∃ : ∀x ∀y(x0 ∧ y0 −→ x + y0) ∧ ∀r ∀x(x0 −→ rxr∗0)
∧ ∀x(x∗ = x −→ x0 ∨ −x0) ∧ ∀x (x0 ∧ −x0 −→ x = 0)
∧ ∀x ∀y (x0 ∧ y0 −→ xy + yx0)
∧ ∀x ∀y(xy = 0 −→ x = 0 ∨ y = 0) ∧ ∀x ∀y(xy −→ x = x∗ ∧ y = y∗).
Now e.g. by Exercise 6.6.12 (p. 306) in Hodges [4], this sentence (although 2nd-order) is
equivalent to a set of universal 1st-order sentences.
Alternatively, one can use the Artin–Schreier theory of Marshall [7] to express (in in-
ﬁnitely many 1st-order sentences) that the sum of nonzero elements from the smallest
∗-preordering of A is nonzero. 
3.2. Theorem. The class of ∗-orderable groups is elementary in the language of groups.
Proof. We make use of a known result from model theory. A class of structures K is
elementary iff it is closed under ultraproducts, isomorphic copies and if an ultrapower of a
structure A is inK, then A ∈K (see e.g. Corollary 9.5.10 [4]).
It is clear that the class of∗-orderable groups is closedunder isomorphic copies.Moreover,
if for some group A an ultrapower AI/U is ∗-orderable, then so is A (as it is canonically
a subgroup of AI/U). So it sufﬁces to show that the class of ∗-orderable groups is closed
under ultraproducts.
Let Gi (i ∈ I ) be a class of ∗-orderable groups and denote G := ∏i∈I Gi/U for some
ultraﬁlterU on I. This ultraproduct is taken in the language of groups.We claim thatG is ∗-
orderable. Write Ai := CGi . As usual, we endow Ai with the canonical involution sending
g → g−1 for g ∈ G and mapping  →  for  ∈ C. Deﬁne A := ∏i∈I Ai/U (in the
language of rings with involution). Clearly, G ↪→ A. We have to prove more: CG embeds
into A so as to extend the canonical embedding G ↪→ A. As there is only one possibility,
we denote this mapping CG −→ A by 
. Assume 
(1g1 + · · · + rgr ) = 0 for some
0 = j ∈ C and gj ∈ G.We may assume that gj = gk for j = k.Write gk=[(g(k)i )i∈I ] for
k = 1, . . . , r . Then the given equality implies [(1g(1)i )i∈I + · · · + (rg(r)i )i∈I ] = 0. Hence
{i ∈ I | ∑rk=1 kg(k)i = 0} =: J ∈ U. As all k are nonzero, for all i ∈ J there must be an
index $ ∈ {1, . . . , r} such that g(i)1 = g(i)$ . Hence
J ⊆ {i ∈ I | g(i)1 = g(i)2 } ∪ · · · ∪ {i ∈ I | g(i)1 = g(i)r }.
I. Klep, P. Moravec / Journal of Pure and Applied Algebra 200 (2005) 25–35 31
As U is an ultraﬁlter, this implies {i ∈ I | g(i)1 = g(i)2 } ∪ · · · ∪ {i ∈ I | g(i)1 = g(i)r } ∈ U.
Thus one of these sets must be inU, say {i ∈ I | g(i)1 = g(i)2 } ∈ U. But this implies g1= g2,
a contradiction.
This shows that CG embeds as a ∗-ring into A. By Lemma 3.1, A is ∗-orderable. Hence
so is CG. In other words, G is ∗-orderable. 
The downside of this theorem is that it does not give an axiomatization of ∗-orderable
groups. It just proves there exists one. It would also be interesting to knowwhether the class
of ∗-orderable groups is a quasi-variety. In view of the results deduced above, this class is
a quasi-variety iff it is closed under ﬁnite direct products.
3.3. Theorem. Being a∗-orderable group is a residual property, i.e., if for every 1 = x ∈ G
there exists a normal subgroup N of G avoiding x such that G/N is ∗-orderable, then so
is G.
Proof. LetG be residually ∗-orderable. Thus O := {NG | G/N is ∗ -orderable} satisﬁes⋂
O={1}. If G is not ∗-orderable, then by Theorem 2.1 a ﬁnitely generated subgroup H of
G is not ∗-orderable. For N ∈ O, H/(H ∩N) is a subgroup ofG/N and so H is residually
∗-orderable. In other words, we may assume that G is ﬁnitely generated.
Since G is residually ∗-orderable, we may choose a normal series
G=N1 ⊇ N2 ⊇ · · ·
such that G/Ni is ∗-orderable for every i and ⋂i∈NNi = {1}. Without loss of generality,
Ni = {1} for every i. We have a canonical homomorphism
 : G −→
∏
i∈N
G/Ni,
g −→ (gNi)i∈N.
It is easy to see that  is an embedding.
LetU be any non-principal ultraﬁlter onN and setG :=∏i∈N(G/Ni)/U. Let denote
the canonical homomorphism
∏
i∈NG/Ni → G and 
 :=  ◦ . We claim that 
 is an
embedding. Obviously, 
(x) = [xNi]i∈N = 1 iff J := {i ∈ N | x ∈ Ni} ∈ U. Since U is
non-principal, J is inﬁnite. So
⋂
i∈J Ni = {1} and thus x = 1. Now by Theorem 3.2, G is∗-orderable and hence so is G. 
3.4. Corollary. The class of ∗-orderable groups is closed under direct products.
Proof. Let G for  ∈  be a set of ∗-orderable groups. By Theorem 3.3, it sufﬁces to
prove that
∏
∈G is residually ∗-orderable. For this let 1 = (x)∈ ∈
∏
∈G. There
is some  ∈  with x = 1. But then the canonical projection ∏∈G → G maps
(x)∈ into a non-zero element, hence the result. 
3.5. Corollary. The class of ∗-orderable groups is a quasi-variety.
32 I. Klep, P. Moravec / Journal of Pure and Applied Algebra 200 (2005) 25–35
Proof. This follows from Corollary 3.4 and the equivalence (a) ⇔ (c) of Theorem 9.2.2
in [4]. 
4. On normal series associated to ∗-orderable groups
In this section,we use valuations to construct certain normal series for∗-orderable groups.
These series are used to construct orderings of ∗-orderable groups.
LetG be a ∗-orderable group and P ⊆ CG a ∗-ordering. Let v : CG→ ∪{∞} denote
the natural valuation. Since v(g) = 0 for all g ∈ G, Ov = CG. Hence the weak ∗-place
℘ maps CG → C. As in [1], by replacing G with G/℘(G) we may assume ℘(G) = {1}.
In particular, v(g − 1)> 0 for all g ∈ G. We use this to deﬁne certain subsets of G. For
	 ∈  set G	 := {g ∈ G | v(g − 1)	}, G+	 := {g ∈ G | v(g − 1)> 	} =
⋃
>G and
G	 := G	/G+	 . Clearly, < implies G+ ⊆ G ⊆ G+ ⊆ G.
4.1. Lemma. G	 and G+	 are normal subgroups of G. Furthermore, [G,G] ⊆ G++.
The quotient groups G/G	, G/G+	 and G	 are torsion-free and G	 is abelian.
Proof. If x ∈ G	, then v(x−1).As v(x−1)=0, this implies v(1−x−1)=v(x−1).
Assume x′ ∈ G	. Then xx′ − 1 = (x − 1)x′ + (x′ − 1) implies v(xx′ − 1) min{v(x −
1), v(x′ − 1)}	. This shows that G	 is a subgroup of G. Let y ∈ G be arbitrary. Clearly,
v(yxy−1− 1)= v(y)+ v(x− 1)+ v(y−1)= v(x− 1)	. This proves thatG	 is a normal
subgroup. Similarly, G+	 is a normal subgroup.
To prove that [G,G] ⊆ G++, we use the quasi-commutativity of v. Let x ∈ G and
y ∈ G. Obviously, v(xyx−1y−1 − 1)= v(xy − yx). Observe that
xy − yx = (x − 1)(y − 1)− (y − 1)(x − 1).
Hence v(xy − yx)> v(x − 1) + v(y − 1)	 +  by the quasi-commutativity of v. This
also proves that G	 is abelian.
Let us show that G/G	 is torsion-free. Assume v(xn − 1)	 for some x ∈ G. As
v(xn − 1)= v(x − 1)+ v(1+ x + · · · + xn−1) and ℘(1+ x + · · · + xn−1)= n = 0, we
have v(1+ x + · · · + xn−1)= 0 and thus v(x − 1)= v(xn− 1)	. This proves thatG/G	
is torsion-free. Similarly one can show thatG/G+	 (and hence alsoG	) is torsion-free. 
Let us summarize:
4.2. Theorem. To every ∗-orderable group G a positively ordered abelian semigroup 
without 0 and a series of normal subgroups {G |  ∈ } is associated such that:
(N1) for all , ∈ , < implies G ⊆ G,
(N2) ⋂{G |  ∈ } = {1} and
⋃{G |  ∈ } =G,
(N3) all groups G/G are torsion-free,
(N4) [G,G] ⊆ G++, where , ∈  and G+	 :=
⋃
>	G.
Moreover, there exists an ordering of G such that all G are convex.
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Proof. Take any ∗-ordering of CG, let v : CG → 0 ∪ {∞} denote the natural valuation
and  := 0\{0}. As explained above, we may assume v(g − 1)> 0 for all g ∈ G. Let
G := {g ∈ G | v(g − 1)}. Assertions (N1)–(N4) follow from what has been deduced
above and we prove the last statement.
SinceG is a torsion-free abelian group, it is orderable. Fix an orderingP ofG. Take an
arbitrary 1 = x ∈ G and set 	 := v(x− 1). We deﬁne x ∈ P :⇔ xG+	 ∈ P	. Furthermore,
let 1 ∈ P . We claim that P is an ordering of G.
Clearly, P ∩P−1={1}. Let x ∈ P ∩G, x /∈G+ and g ∈ G. We claim that g−1xgG+ =
xG+ . Indeed, v(x
−1g−1xg − 1)= v(xg − gx)= v((x − 1)g − g(x − 1))> v(x − 1)= .
This proves g−1xgG+ = xG+ . Thus g−1xgG+ ∈ P since xG+ ∈ P.
Let us prove that P is closed under multiplication. For this, let x ∈ P ∩ (G\G+ ) and
y ∈ P ∩ (G\G+ ). If = , then xyG+ = (xG+ )(yG+ ) ∈ P and thus xy ∈ P . If  = ,
say <, then xyG+ = xG+ ∈ P. Hence PP ⊆ P . All this proves that P is an ordering
of G.
To ﬁnish the proof, we must show that G is convex in G w.r.t. P for all  ∈ . Assume
1 = x ∈ P∩G and 1<y <x.We claim that y ∈ G.Assumeotherwise.Then y ∈ G\G+
for some < . Hence xy−1 ∈ G and xy−1G+ = y−1G+ /∈P. By deﬁnition, xy−1 /∈P .
But this contradicts 1<y <x. 
4.3. Corollary. A non-trivial ∗-orderable group G cannot be simple.
Note that this is in sharp contrast with the situation in the ordered setting. Namely, by a
result due to Neumann (cf. [10]), every ordered group can be order-preserving embedded
into a simple ordered group.
Proof. Keep the notation and assumptions from above. Let 1 = x ∈ G be arbitrary and
	 := v(x − 1). By the previous lemma, G	 is a normal subgroup of G. If G	 = G, we are
done. Otherwise G	 =G. As x ∈ G	\G+	 , we have G+	 = G. If G+	 = {1}, we are done.
Otherwise G+	 = {1} and hence G = G	/G+	 is an abelian torsion-free group by Lemma
4.1. But such a group is never simple. 
Now assume G is a group and let , {G	 | 	 ∈ } be as in Theorem 4.2. In this case a
graded Lie ringL(G) can be formed as follows.As an abelian group,L(G) :=⊕	∈G	.
The commutator operation on G induces an operation [ , ] onL(G). By property (N4) of
the normal series G, this operation is trivial. HenceL(G) is an abelian Lie ring. Write
LC(G) := C⊗ZL(G).
On the other hand, the normal seriesG	 gives us a ﬁltration ofCG. First of all, we have a
function w : G\{1} →  deﬁned by w(g)= 	 iff g ∈ G	\G+	 . Now let A	 be the C–linear
span of {(g1 − 1) · · · (gr − 1) | r ∈ N0, gi ∈ G, ∑w(gi)	}. Clearly, >  implies
A ⊆ A.
4.4. Lemma. A	 and A+	 :=
⋃
>	A are ideals of CG.
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Proof. To prove that A	 is an ideal of CG, it sufﬁces to prove GA	 ⊆ A	 and A	G ⊆ A	.
Let h ∈ G and x := (g1 − 1) · · · (gr − 1) ∈ A	. Then hx = (h− 1)x + x ∈ A	 +A	 ⊆ A	
and, similarly, xh ∈ A	. This shows that A	 and A+	 are ideals of CG. 
Nowwe can form the graded ring gr(CG, {G |  ∈ }) as follows.WriteA := A/A+
for  ∈ . Then gr(CG, {G |  ∈ }) :=
⊕
∈A is given the componentwise addition
and the multiplication induced by (a, b) → ab for a ∈ A and b ∈ A.
We have a canonical Lie homomorphismL(G) → gr(CG, {G |  ∈ }) induced by
gG
+
 → (g − 1) + A+ for g ∈ G. This mapping extends to the Lie homomorphism
LC(G)→ gr(CG, {G |  ∈ }) andby thePoincaré–Birkhoff–Witt theorem to an algebra
homomorphism 
 : U(LC(G))→ gr(CG, {G |  ∈ }). It is easy to see that 
 is onto.
In particular, gr(CG, {G |  ∈ }) is commutative.
If =N, then⋂n∈NAn = {0} and 
 is known to be an isomorphism by a theorem due
to Quillen (cf. [11]). It is not clear whether
 is still an isomorphism or if⋂	∈A	={0} in
this, more general setting. If this holds, then the ﬁltration {A	 | 	 ∈ } induces a valuation
v : CG →  ∪ {∞} by 0 = x → 	 iff x ∈ A	\A+	 . The corresponding graded ring
gr(CG, v) is then isomorphic to U(LC(G)). Hence by Proposition 2.5 in [8], certain
∗-orderings of gr(CG, v) can be pulled back to ∗-orderings of CG. In particular, G is ∗-
orderable. Thus if 
 is an isomorphism and
⋂
	∈A	 = {0}, then Theorem 4.2 completely
characterizes the class of ∗-orderable groups.
5. ∗-Orderability of metabelian groups
So far, to prove that a group is ∗-orderable, one usually used some kind of nilpotency
condition. Hence it seems natural to study metabelian groups and ask when these groups are
∗-orderable. In [1] the authors gave an example of a 2-generatedmetabelian orderable group
G such that the complex group ringCG is not ∗-orderable. This group is part of a countable
family of 2-generated metabelian groups. For n ∈ Z\{0} write Gn := 〈a, b | ba = anb〉.
The example in [1] wasG2. Clearly,G1 is abelian and isomorphic to the direct sum of two
copies of Z. We are mainly interested in the case n = 1.
5.1. Proposition.
(1) All groups Gn are metabelian and torsion-free.
(2) The group Gn is orderable iff n> 0. More precisely, for n> 1 there are exactly 4
orderings of Gn, induced by e <a <b, a < e<b, b< e<a and b<a <e.
Proof. Note that every element of Gn has a unique canonical form aibj for some i ∈⋃
m∈N Z/nm =: A and j ∈ Z. Deﬁne N := {a |  ∈ A}. Clearly, NG and G/N =〈bN〉Z. As N andG/N are abelian,G is metabelian.A short calculation using the canon-
ical form shows that Gn is torsion-free.
To prove (2), ﬁrst observe that bab−1 = an. Assume Gn is orderable and ﬁx an ordering
 . If n< 0, a and an have different signs w.r.t.  . But they are conjugate, a contradiction.
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For the converse, note that
(ab$) (abq) (ab$)−1 = a+n$·−nq ·bq,
so two elements of the form ab are always conjugate. In particular, for every total ordering
 ofGn we have ∀ ∈ A : a>b or ∀ ∈ A : a<b. This shows thatN is convex in every
ordering of G$. Hence there are at most 4 different orderings of Gn, induced by e <a <b,
a < e<b, b< e<a and b<a <e. To ﬁnish the proof, note that
a1bn1%1a2bn2 : ⇐⇒ n1>n2 ∨ (n1 = n2 ∧ 1> 2),
a1bn1%2a2bn2 : ⇐⇒ n1>n2 ∨ (n1 = n2 ∧ 1< 2),
a1bn1%3a2bn2 : ⇐⇒ n1<n2 ∨ (n1 = n2 ∧ 1> 2),
a1bn1%4a2bn2 : ⇐⇒ n1<n2 ∨ (n1 = n2 ∧ 1< 2)
are explicit descriptions of these orderings as a short calculation shows. 
5.2. Theorem. Gn is ∗-orderable only for n= 1.
Proof. Clearly,CGn is ∗-orderable for n=1. For the rest of the proof let us assume n = 1.
As CGn ∗-orderable implies Gn orderable, we may assume n> 1 by Proposition 5.1 (2).
AssumeGn is∗-orderable andﬁxa∗-orderingofCGn.Wewritev for the natural valuation
of CGn compatible with this ∗-ordering. As v is a ∗-valuation, we have v(g) = v(g∗) =
v(g−1)=−v(g), so v(g)=0 for all g ∈ Gn. On the other hand, v(ab−ba)> v(ab)=0 since
the corresponding graded ring is commutative. In particular, v(an−1− 1)= v(bab−1a−1−
1)> 0.
Note that ban−1=a(n−1)nb. Let us write t := an−1−1. By the above, v(t)> 0.Moreover,
b(1+t)=(1+t)nb=(1+nt+(n(n−1)/2)t2+· · ·+tn)a. Hence bt=(nt+(n(n−1)/2)t2+
· · ·+tn)b, so bt−tb=(n−1)tb+(n(n−1)/2)t2b+· · ·+tnb. Now v(bt−tb)> v(tb)=v(t),
but v((n− 1)tb+ (n(n− 1)/2)t2b+· · ·+ tnb)= v(t) since v(t)< v(t2)< · · ·<v(tn) and
v(b)= 0. This is a contradiction, ﬁnishing the proof. 
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